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Systems Dynamics



Inputs ("causes”) Outputs ("effects”)

u(t) yi(t)
u(t) = eR” y(t) = e R?
Um(t) ywz(t)
¢ ¢
u(t) (f; y(t)
Physical laws, a Mathematical
Definition of the priori knc'>w'ledge, models: algebraic
" Y. heuristic and/or
system” entity to = . . . .
be analvsed considerations, differential
y statistical and/or difference

evidence, etc.
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Dynamic Systems Described by
State Equations



Dynamic Systems

Recalling from the Fundamentals in Control course

What is the meaning of "Dynamic”?

u(t) y(t)

Can y(t) be determined in a unique way?

If the answer is The system is a
"NO” dynamic system
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Dynamic Systems: Examples

R u(t)
o— AN _ 5 y(t) = R-u(t)
v The system is NOT
dynamic
y(1)
O
1;)’ u(t), t € [to, 1] }
y(t) —C <R y(to)
— y(t), t e [to,tl]
o

The system is dynamic
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Dynamic Systems: Examples

u(t), t € [to, t1]
y(to) — y(t), t e [to,tl]
y(to)

The system is dynamic
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State variables: a qualitative definition

State variables

Variables to be known at time ¢t = ¢, in order to be able to
determine the output y(¢), t > t, from the knowledge of the input
u(t), t > to:

xi(t),i=1,2,...,n (state variables)

In more rigorous terms —>
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Dynamic Systems: Formal Definitions

A dynamic system is an abstract entity defined in axiomatic way:

S = {T7U7Q7X7Y7F7()07n}

: set of time instants provided with an order relation
: set of admissible input values

: set of admissible control functions

: set of admissible state values

: set of admissible output values

H o~ ok D QN

: set of admissible output functions
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Dynamic Systems: Formal Definitions (cont.)

State transition function:

Pp: TXxTxXxQ—X = xt) = ot to, zo, u(-))

-_—

o Consistency: @(to,to,l’o,’d()) = 2o, V(to,(L‘o,u(')) eT x X xQ

2. Irreversibility: ¢ is defined Vit >t),t €T
3. Composition:
(p(t27 tO? Zo, U()) - (p(t27 tl ) @(tl,to, Zo, U()), U())
V(to,u(~)) el x Q, Vto,tl,tz el : ty<ti <t
4. Causality:

/

u[to,t)(') - uﬁo,t)(') = (p(t,to,xo,u'(-)) = (p(t,t(),a:‘o,u//(')),
V(t,to,l)o) eTxTxX
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Dynamic Systems: Formal Definitions (cont.)

Output function:

- Case 1: strictly proper system:

n: TxX—=Y = yt)=n(z),VteT

u(t) e U

u(-) € Q

%)

z(t) € X

- Case 2: non strictly proper system:
n: TxXxU—Y = y(t)=ntzt),ul),VteT

u(t) e U

u(-) € Q
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Dynamic Systems: Formal Definitions (cont.)

(z,t) € X x T is defined as event

Given:
¢ (wo, o) initial event
« u(-) input function

One has:

(-, to, xo,u(-)) state movement

o(t, to, mo, u(-)), t > to state trajectory

> (-, (-, to, ko, u(+))) output movement

n(-, (-, to, zo, u(+))) output trajectory
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Dynamic Systems: Formal Definitions (cont.)

7 € X is an equilibrium state if V¢, € T, Ju(-) € Q such that

c,o(t,to,:f7u(~)) =, Vt>ty, teT

7 € Y is an equilibrium output if V¢, € T, 3z € X, Ju(-) € Q such
that

n(t, o(t, to,z,u())) =9y, Vt > to, t €T

Notice that, in general:

« the specific input function u(-) € Q depends on the choice of
the initial time-instant ¢, € T

- the fact that the state of a dynamic system is at equilibrium
does not imply that the output is at equilibrium as well, unless
n(t,z(t)) does not depend explicitly on time (in which case, the
output function takes on the form n(x(t)))
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Dynamic Systems: Formal Definitions (cont.)

+ A dynamic system is invariant if 7" is an additive algebraic
groupand Vu(-) € Q, V7 € T, letting u" (¢) :=u(t —7) € Q, it
follows that

o(t, to, xo, u(+)) = @(t + 7, to + 7, 20,u” (), Vt, 7 €T
y(t) = n(t, x(t))

+ A dynamic system is discrete-time if 7 is isomorphous with Z

+ A dynamic system is continuous-time if 7 is isomorphous with
R

+ A dynamic system is finite-dimensional (lumped-parameter) if
U,X,Y are finite-dimensional vector spaces

+ A dynamic system is infinite-dimensional
(distributed-parameter) if U, X, Y are infinite-dimensional
vector spaces
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Interconnection of Dynamic Systems

We consider interconnected systems
S={T,U,Q,X,Y,T,po,n}
composed of N subsystems
S ={T;,U;, 0, X, Yo, Ui, 00}, i=1,2,...N

interacting with each other through their external variables such as
inputs u;(-) € ; and outputs y;(-) € T;

Assumption. The interconnected system S satisfies the formal
definition of dynamic system
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Interconnection of Dynamic Systems

Cascade interconnection

SZ{T=T| :TQ,U:Ul,Q:QhX:X] ><X2,Y:Y2,F:I‘2}
(@1(2), 22(8)) = (1 (L, to, 21 (t0), u(-)),

©a(t, to, T2(to), mi (¢, ¢1(t, to, 71 (t0), u(+)))))
y(t) = ya(t) = m(t, z2(t))
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Interconnection of Dynamic Systems

Parallel interconnection

L L LY Sy
1 : hn
P1 IR e
1
_—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_—_:
T2 i
P2 > T2
! Y2
1
__________________ 1 ‘S‘2

S:{T:T1:T27U2U1:U27Q=QlZQz,XZXlXXz,Y:Y]XY'z,
P:F1XF2}

(z1(t), 22(t)) = (p1(¢, to, 21(t0), u(+)), p2(t, to, z1(to), u(-)))
@2 (t,to, 22(t0), M (£, 1 (¢, to, 71 (t0), u(+)))))
(1 (), y2(t)) = (m(t, 21 (1)), ma(t, 22(t)))
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Interconnection of Dynamic Systems

Feedback interconnection

General scheme:

___________________ S
1 1
1 1
1 X 1
1?1 Ll o1 1, m b Y1
141 | : V3
1 1
1 X 1
w2 e e
Y2 ' )
1 1
locooooooooooooocoooa 1 SQ
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Interconnection of Dynamic Systems

Feedback interconnection

Commonly used scheme:

___________________ S
| |
Uy C 1 1 Y1
,—:> Y1 » o >
1 i :
1 1
1 )
f—:— UPE P2 :
Y2 1 1
1 1
| e e e i
5o

S={T=T =T, U=V,,Q=0,,X = X1 x X,Y =Y}, =T}
(z1(t), 22(t)) = (1 (t; to, 21 (t0), Y1 (1 (), ¥2(+)), p2(t; to, 22(t0), y1(+))))
y(t) = yi(t) = m(t, 1 (1))

DIA@UNITS -  267MI -Fall 2018 TPGF - U-pl6



Feedback Interconnection: a Notable Example

A notable example of feedback interconnection is the state control
law + state observer scheme (will be dealt with in the Control
Theory course)

\ 4
©
3

DIA@UNITS -  267MI -Fall 2018 TPGF - L-p17



Finite-dimensional Regular Systems

A dynamic systems is regular if:

- U,Q,X,Y,T" are normed vector spaces

« ¢(+,-,-,-) is a continuous function with respect its arguments
d . . .

. &go(t, to, zo,u(-)) does exist and it is continuous for all values

of the arguments where w(-) is continuous

The state movement (¢, t, o, u(-)) of a regular finite-dimensional
dynamic system is the unique solution of a suitable vector
differential equation

and
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Finite-dimensional Discrete-time Dynamic Systems

Discrete-time dynamic systems obtain by sampling a
continuous-time regular system

« U, X,Y finite-dimensional normed vector spaces

« Q= {u(:): piecewise constantu;(-), i =1,...,m}

+ Sampling time AT
w(k) = u(t), to+ kAT <t < to+ (k+ 1)AT, k=0,1,...
y(k) =y(to + EAT), k=0,1,...

Then:
r(k+1) = fa(z(k),u(k), k)
y(k) = gd(x(k)’ u(k)v k)

where (from composition property of ¢):

fa(z(k),u(k), k) = p(to + (k+ 1)AT, to + kAT, z(k), u(k))
ga(z(k),u(k), k) = n(x(k),u(k),to + kAT)
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An example: continuous-time model of a car suspension

quarter-car model hypotheses

« vehicle as assembly of four
decoupled parts
- each part consists of
+ the sprung mass: a quarter
of the vehicle mass,
supported by a suspension
actuator, placed between
the vehicle and the tyre
 the unsprung mass: the
wheel/tyre sub-assembly

 the model allows only for
vertical motion: the vehicle
is moving forward with an

to a simplified quarter-car model almost constant speed
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Continuous-time model of a car suspension (cont.)

- state variables:
- vertical positions of sprung
and unsprung masses vs.
e the corresponding
steady-state values

[ """"""""""""""" « vertical speeds of masses
* inputs: z1(t) 2s(t) — Zs
« ground vertical position vs. xa(t) = zu(t) — Zy
the steady-state z3(t) = (t)
« active actuator force z4(t) ()
* outputs:
. wy () 2 (t) — Zp
* sprung mass vertical
acceleration uz(t) F(t)
;zr(;t;:ct)::cr::jce between tyre i (t) i
0 ko (22(t) — w1 (t))

DIA@UNITS ~  267MI ~Fall 2018 TPGF - L-p21



Continuous-time model of a car suspension (cont.)

. 0 0 1 0 0 0
o 0 0 0 1 o 0 0
‘7.32 = | ks ks _Gs Cs | + 0 1 |:UI:|
3 ms M ms M 3 & ms "
T4 ks _ ks + ku Cs _ G T4 S _
LTy Lz My, m My My
a5 1
[ ks ks Cs Cs ! 0
% - - T2 ms Uy
= ms ms ms ms | - +
L’j 0 ku 0 0 e LJ
- T4 —ky, 0
267MI -Fall 2018 TPGF - L-p22
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Continuous-time car suspension: an example

Assuming

ms = 400.0 kg my, = 50.0 kg cs =2.010> Nsm™!
ks =2010*Nm™" %k, =2510° Nm~!

the car suspension model becomes

i 0 0 1 0 1 0 0
il | o 0 0 1.0 2 0 0 "
s = =500 500  —s50 so0 | |=| T o 25107 | |ws
iy (4000 —5400.0 400 —40.0| |as 50100 —2.01072

Z1
w| [-500 500 —50 50| | 0 251073 [
wl | o 25100 o0 0} ol T l=2510° 0 }LJ

T4
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Sampled-time car suspension models

Let’s get a sampled-time description of the same dynamic system:

+ How does the sampled-time description correlate with the
continuous-time model?

- What happens if we increase or decrease the sampling rate?
Does the sampled-time model change with the sampling time?

+ Does the sampled-time model describe the behaviour of the
continuous-time dynamic system for any possible choice of the
sampling time value?
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Using 1000 samples per second as sampling rate
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(k+1) 9.9810°"  2.05-107° 9.98-107" 2.47-107°7 [z(k)
(k+1| | 197-107* 0.99 1.98-107° 9.80-10""| |aa(k)
(k+1)|  |-489-1072 3.65-107° 9.95-107" 4.91-107%| " |z3(k)
(k+1) 3.91-10"" -529  393.107° 0.96 z4(k)
413-107°  1.23-107° ]
247-107° —9.85-107°| |wi(k)
124-107% 2.44.107° ua (k)
4.90 ~1.95-107"
[ (k)
yi(k)| |-500 500 —50 50| |x2(k)
wE)| | 0 25100 0 0| |as(k)
_1’4([€
N 0 25. 103} . [ul(k)]
—2.5-10° 0 ua (k)
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Instead, using 1sample per second as sampling rate

yi (k)
y2 (k)
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|

1.17 -
7.75 -
—1.79 - 107"
—4.84-107°

—50.0
0

107!
1073

107!
107!
107!
1072

9.00
9.97
6.70
6.46

50.0
2.5-10°

—1.76 -
—4.87 -
—4.90 -
—-1.62.

4.65-107°
1.07-107°
9.94.1072
2911077

1072
107°
107"
1072

441107
—3.88-107"| |wi(k)
8.96-10°° |

2.42-107° |

—5.0 5.0
0 0

25-107° | |wi(k)
0 ' uz(k)

1341074

1.29-107°

3.64-107*
—2.95.107°
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Step responses comparison

From u; to y,

60 T T T T T T T
= continuous-time system
—— sampling rate 1000 SPS
50 I sampling rate 1 SPS
40 o
30 al
520 N
10§ al
ont —
—10 |- 4
—20 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
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Step responses comparison (cont.)

From u; to y;

500 T T T T T T T
= continuous-time system
—— sampling rate 1000 SPS
40 - sampling rate 1 SPS

—30 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
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Step responses comparison (cont.)

-10* From u; to y,
2 T T T
1 -
0] »
—1H -
B
-2 -
-3 -
—4 - - -
m continuous-time system
—+— sampling rate 1000 SPS
Il sampling rate 1 SPS

— Il Il Il Il Il Il Il Il Il Il Il Il
E’ 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2 22 2.4
Time |s]
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Step responses comparison (cont.)

-10* From u; to y,
1 T T T
0.5 4
(U . SN
—0.5 -
o
>
-1 4
-15H -
—9 |4 - B .
e continuous-time system
—+— sampling rate 1000 SPS
- sampling rate 1 SPS
—925 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 24
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Sampled-time car suspension description (cont.)

Remarks

- by selecting different sampling rate we obtained different
representations of the same continuous-time dynamic system

- sampling may heavily distort the information, giving a
completely wrong discrete-time representation of the original
continuous-time system: indeed the model obtained using one
sample per second as the sampling rate is wrong!
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Continuous-time State Equations

ur(t),...,un(t) €R y1(t), ..., yp(t) €R

il(t) = fl (:El(t)v s axn(t)aul(t)v s ~aum(t)at)

State equations

(dynamic) () = fuldr (D). () r (B (E),1)
Output y1(t) = gr(@i(8), ..o, xn(t),ur(t), ..., um(t), t)
equations c

(algebraic)

Yp(t) = gp(x1(t), ..., zn(t), w1 (t), ..., um(t),t)
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Continuous-time State Equations (cont.)

I](t) u(t) / S y(t)
x(t) = : eR”
Zn(t)
fi(z,u,t) Compact form
f($7uat) = e R"
| falz,u,t) | i(t) = f(z(t), u(t),t)
[ fi(z,ut) ] y(t) = g(x(t), u(t),t)
f(xa u, t) = € R"
| falz,u,t) |
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Discrete-time State Equations

x1(k),...,zn(k) €R
;
ul(k)7,um(k) eR 4 yl(k}),...,yp(k) eR
e S >

zi(k+1) = fi(zi(k),...,zn(k),ui(k), ..., um(k),k)

State equations :
(dynamic) Tp(k+1) = fu(xi(k), ..., zn0(k),ur(k), ..., un(k), k)

k) = k), ... xn(k),u(k),. .. um(k),k
Output equations ylf) g1(z1(k) oy (k), ur (k) U (K), k)

(algebraic) :
yp(k) = gp(x1(k), ..., zn(k),ur(k), ..., um(k), k)
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Discrete-time State Equations (cont.)

k) = : cR" Compact form
i frlz,u, k) |
_ - l‘(k+1) :f(l’ k)vu(k)7k)
fi(@,u, k) y(k) = g(z(k), u(k), k)
£, k) = : eR®
i fulz,u, k) |
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More Definitions and Properties (cont.)

« Forced and Free Dynamic Systems

i(t) = f(w(t)7>€<(7t) . i(t) = f(z(t),t)

y(t) = glo(t), W) y(t) = g(a(t),?)

ek +1) = fa®), LK) [ (k1) = fa(k), B
y(k) = g(xz(k), WK ,k) y(k) = g(z(k), k)

It is worth noting that in case the input function u(t), V¢ or
input sequence u(k), V k are known beforehand, the dynamic
system can be re-written as a free one:

&(t) = fx(t), u(t), t) = f(x(t),?)

y(t) = g(z(t), u(t), 1) = g(x(t),1)
x(k+1) = f(z(k),ulk), k) = f(x(k), k)
y(k) = g(x(k), u(k), k) = g(z(k), k)
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More Definitions and Properties (cont.)

* Free Movement

&(t) = f(z(t), u(?),?)
y(t) = g(x(t),u(t),?) ., @)1, telto,ta]}
with: free movement

z(k+1) = f(z(k),u(k), k)
y(k) = g(z(k), u(k), k) _, {(w(k),k), k € [ko, k1] }
with: free movement
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More Definitions and Properties (cont.)

- Forced Movement

&(t) = f(z(t), u(?),?)

y(t) = g(x(t), u(t),t) . {(zf(t),1), t € [to,t1] }

with: forced movement

x(k+1) = f(x(k),u(k), k)

y(k) = g(z(k),u(k), k) N {(zs(k), k), k € [ko, k1] }
with: forced movement
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Discrete-time Systems

Consider:

2(k +1) = f(a(k), u(k), k) 2(ko) =
y(k) = g(a(k),u(k), k) ° © R alk)

Clearly, by iterating the state equations:

(ko) = Zo
z(ko +1) = f(x(ko), u(ko), ko)
z(ko +2) = f(z(ko+1),u(ko+ 1),k +1)
= f(f(x(ko), u(ko), ko), u(ko + 1), ko + 1)
(ko +3) = fz(ko +2),ulko +2), ko +2)
= f(f(f(z(ko), u(ko), ko), u(ko + 1), ko + 1), u(ko +2), ko +2)

and so on. Hence, the state transition function has the form
z(k) = o(k, ko, zo, {u(ko), ..., u(k — 1)})

thus enhancing the causality property.
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Time-invariant Discrete-time Systems

5 l’(ko) = Xy, Ua(k?) S U(k), ke {ko,. . .,k]}

yields the state sequence z,(k), k € {ko,...,k}. Let's shift the
initial time by & and the input sequence as well:

$(k0+];) = Iy
up(k) = uq(k — k), =
/{E{ko—F];l,...,kl-i-fC}

wy(k) = a(k — k),
ke{k0+];7...,k1+];5}

udo' olﬁb ?oma?wb L °
;’. .:0..0..0 - ..é....‘...
| ko ko+k | ko ko + K

Conventionally, we set &k, = 0.
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Equilibrium Analysis: Equilibrium States and Outputs

+ Astate 2 € R" is an equilibrium state if V &,
I{a(k) e R™ k > ko} such that

z(ko) =

7
= k — 7 k ,ZC
u(k) = a(k), Yk > ko z(k) =z, Vk > ko

* An output § € R? is an equilibrium output if Vo,
I{a(k) e R™ k > ko} such that

Jl(k’o) =¥

In general:
+ The input sequence {a(k) € R™, k > ko} depends on the initial
time kg

« The fact that the state is of equilibrium does not imply that the
corresponding output coincides with an equilibrium output
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Equilibrium Analysis in the Time-invariant Case

In the time-invariant case, all equilibrium states can be determined
by imposing constant input sequences.

A state z € R” is an equilibrium state if 3u € R™ such that

a?(k()) =T

k) =z k
k) =5, V> ko SR =& TE>k

All equilibrium states z € R™ can thus be obtained by finding all
solutions of the algebraic equation
z=f(z,u), VueR™
The following sets are also introduced:
Yo={zcR": 2= f(z,0)}
X ={z e R": Ju € R™ such that z = f(z,a)}
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State Space Descriptions

But ... How to determine a state space description?
Recall:

State variables

Variables to be known at time t = ¢, in order to be able to
determine the output y(t), t > t, from the knowledge of the input
u(t), t > to:

xi(t),i=1,2,...,n (state variables)
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State Space Descriptions(cont.)

A "physical” criterion
State variables can be defined as entities associated with storage
of mass, energy, etc. ...

For example:

Passive electrical systems: voltages on capacitors, currents on
inductors

Translational mechanical systems: linear displacements and
velocities of each independent mass

Rotational mechanical systems: angular displacements and
velocities of each independent inertial rotating mass

Hydraulic systems: pressure or level of fluids in tanks
- Thermal systems: temperatures
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State Space Descriptions: Example 1 (continuous-time)

A mechanical system

a)

mg+Bq+kq=f

1
~Zg— Loy —f
m m m
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State Space Descriptions: Example 2 (continuous-time)

Electrical systems
b)
| 1
RS L3 [
VL.
il |
d 1
C’% =i-pvc - iL
dvc diL
—_— = — =
a a ~ C
Ty =1L; T2 = Vo
. R 1 n 1 1
an = lLl‘l Ll‘z LU Ty = sz 1
x.zzal'l ¢2:_6$1_%$2+52‘U
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State Space Descriptions: Example 3 (discrete-time)

Student dynamics: 3-years undergraduate course

+ percentages of students promoted, repeaters, and dropouts are
roughly constant

« direct enrolment in 2nd and 3rd academic year is not allowed
« students cannot enrol for more than 3 years

+ x;(k): number of students enrolled
inyeariatyeark,i=1,2,3

* u(k): number of freshmen at year k

21 (k+1) = Bz (k) + u(k) * y(k): number of graduates at year &
ra(k+1) = aqzi (k) + Baza(k) oy promotion rate during year i,
€T (/ﬂ + 1) = Ozzﬁz(k) + B3$3(k’) o; € [0, l]

« B;: failure rate during year i,
Bi € [0., l]

* 7,;: dropout rate during year i,
Yi=1l—a;—B8;20
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State Space Descriptions: Example 4 (discrete-time)

Supply chain

+ S purchases the quantity (k) of raw material at each month %

+ A fraction §, of raw material is discarded, a fraction «a; is
shipped to producer P

A fraction o, of product is sold by P to retailer R, a fraction 6,
is discarded

Retailer R returns a fraction 3; of defective products every
month, and sells a fraction ~; to customers
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State Space Descriptions: Example 4 (discrete-time) (cont.)

* k: month counter

z1(k+1) = (1 — oy — 61)z1 (k) + u(k) * z;(k): raw material in
(k4 1) = gz (k) + (1 — ar — 6)z2(k) S
+B323(k) * 25(k): products in P
z3(k + 1) = aama(k) + (1 = B3 — 73)w3(k) « z3(k): productsin R
y(k) = 73z3 (k) + y(k): products sold to
customers
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State Space Descriptions (cont.)

A "mathematical” criterion

- Continuous-time case. An input-out differential equation
model of the system is available:

dy _ (&l dy
dtn _Lp dtnil’..wdt’y’ bl

- Discrete-time case. An input-out difference equation model of
the system is available:

yk+n)=pyk+n—1),y(k+n-2),...,y(k),u(k),k)

Suitable state variables - without necessarily a physical meaning
- are defined to represent "mathematically” the differential
equation or the difference equation models of the dynamic system
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State Space Descriptions (cont.)

Continuous-time case:

dny - (dn—ly dﬁ:g )
= Yy, u,t

dtn den=1""""" d¢’
Letting:
T1(t) == z(/i(t)
Y &b
To(t) = — .
dt — z:= e
d"y T
Bp((6) = -
one gets:
l"l =T
{i‘z =3
Tn = 90(557 u, t)
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State Space Descriptions (cont.)

Discrete-time case:

y(k+n) =k +n—1),y(k+n-2),...,y(k),u(k),k)

Letting:
1 (k) := y(k) )
2a(k) =ylk+1) Ty
— =
(k) =ylk+n—-1) Tn
one gets:
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State Space Descriptions (cont.)

Example (discrete-time):

w(k) = 3wk — 1) +2w(k —2) —w(k —3) = 6u(k)

Letting:
{ x1 (k) == w(k —3) { Z }
2 (k) == w(k —2) = z:=| 1
z3(k) :=w(k - 1) 3
one gets:
1k +1) = z2(k)
ok + 1) = z3(k)
a3(k 4+ 1) = 3z3(k) — 222(k) + 21 (k) + 6u(k)
y(k) = z3(k)

DIA@UNITS -  267MI -Fall 2018 TPGF - U-ps4



State Space Descriptions (cont.)

The state space description is not unique

+ The fact that physical and non-physical approaches can be
followed to describe the same dynamic system in state-space
form clearly reveals the non-uniqueness of this representation

- Later on some more details will be given concerning equivalent
state space descriptions
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From Continuous-Time to Discrete-Time

Remarks

« Till now we carried out a general treatment of dynamic systems
considering both the continuous-time and the discrete-time
cases

« Since the course is intended to cover data-based system
dynamics, analysis and estimation, from now on only the
discrete-time case will be dealt with

+ However, before doing this, the issue of conversion of a
continuous-time into a discrete-time by sampling has to be
dealt with in some detail
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From Continuous-Time to Discrete-Time: signal taxonomy

Continuous-time vs. discrete-time signals

- continuous-time signal: a function of time (independent
variable) » = x(t), such that the independent variable time is
continuous

- the domain of the function = = z(¢) has the cardinality of the real
numbers set R.

- discrete-time signal: a signal y = y(k), specified only for
discrete values of time (the independent variable)

- the domain of the function y = y(k) has the cardinality of the
integer numbers set Z.
- a discrete-time signal is usually called sequence

DIA@UNITS -  267MI -Fall 2018 TPGF - L1-p57



Signal taxonomy (cont.)

Analog vs. digital signals

- analog signal: the amplitude of the signal may vary in a

continuous range
- an analog signal can be both continuous-time and discrete-time
signal.

- digital signal: a signal whose amplitude is quantized, i.e. the
amplitude of a digital signal can take only a finite number of
values.

- adigital signal can be both continuous-time and discrete-time
signal.
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Signal taxonomy: graphical summary

continuous-time discrete-time

analog

digital
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Sampling & digital coding: main issues

e(t) ~ e, = e(kTs) ~ 011010 ...

The conversion of an analog, continuous-time signal e = ¢(t) to a
digital, discrete-time sequence is subject to two main issues:

+ loss of information, due to the conversion from
continuous-time to discrete-time (more details later)

+ quantisation noise and distortion, due to the analog to digital
conversion process

Sampling issues taken into account

- sampling and the loss of information, a glimpse on the
theoretical motivations of, and how to cope with this issue are
discussed topics

* quantisation and coding issues are not taken into account
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Sampling & digital coding: main issues (cont.)

From now on, consider the sampling procedure simply as a
conversion from an analog, continuous-time signal to an analog,
discrete-time signal.

Moreover, hereafter each time-based signal will be labelled just as
continuous-time or discrete-time signal.

continuous-time discrete-time

analog

DIA@UNITS ~  267MI ~Fall 2018 TPGF -  Li-pél



The ideal sampler

How to convert a continuous-time signal to a discrete-time one?

0 " (k)
~_/ ® A/D (k) 11l
A,

t k

Periodic sampling using an ideal sampler
« the aim of the A/D converter is to transform a continuous-time
signal z(t) into a discrete-time sequence (k)

- given a time interval A, called sampling period, applying a
periodic sampling means to extract and collect, creating a
sequence, values of the signal corresponding to time instants,
integer multiples of the sampling period

{z(k) ey = {2(t) : t=kA, ke N}
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The ideal sampler (cont.)

An ideal sampler acts as an ideal electrical switch

- the switch commutes between the two states “open” and
“closed”, driven by a periodic pulse signal (called the clock
signal), with the time period equal to the sampling period A;

« when a clock pulse occurs, the switch closes instantaneously,
the actual sample of the input signal can be “copied” into the
sampler output and then the switch commutes
(instantaneously) to the “open” state, waiting for the next clock
pulse.
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The ideal sampler (cont.)

ot . x(k)
o

Sampling rate ) _
Given the sampling period A, let’s define the rate of conversion

from continuous to discrete time using

+ sampling angular frequency

- sampling frequency
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The reconstructor

Consider now the backward operation: how to characterize the
conversion of a discrete-time signal to a continuous-time one?

o z(t)

Tk
JJ_LJJJJT D/A x(t) t

Ay

Reconstruction using a data-holder

« the purpose of the D/A subsystem is to reconstruct the
sampled signal into a form that resembles the original signal,
before sampling.

+ the simplest D/A subsystem [indeed the most common one] is
the so-called zero-order-hold (ZOH).
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The reconstructor (cont.)

Reconstruction using a D/A converter (cont.)

- the ZOH clamps the output signal to a value corresponding to
that of the input sequence at the current clock pulse, until the
next clock pulse arrives.

z(t)=wx(k), kAp <t <(k+1) Ay keN

+ the time period Ay is called holding period.

Note that the output signal of a ZOH is a stair-wise signal

DIA@UNITS ~  267MI ~Fall 2018 TPGF -  Li-p66



The reconstructor (cont.)

x x(t)
e
thily DA} % ,
Ay

Holding rate
Given the holding period Ay, let's define the rate of conversion for a
D/A device using

+ holding angular frequency

2w
Oy = A [rad/s]
+ holding frequency
1
w= An [Hz]

Usually the sampling and holding frequencies have the same value.
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Sampling and reconstructing

« What happens if a continuous-time signal is firstly sampled
and then reconstructed? How is the output signal of the ZOH
w.r.t the original continuous-time signal? The same or?

+ Indeed, the output of the ZOH is a stair-wise signal, so the
reconstructed signal is different from the original one:
sampling and reconstruction are just approximately the
opposite function of each other.
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Sampling and loss of information

T, keN
+ — (1) = 7
a priori knowledge
of the signal features

+ In general, reconstructing the continuous-time signal starting
from the samples is an ill-posed problem: the reconstruction
may be ambiguous.

kAs  (k+1)As (k+2)As
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Sampling a sinusoidal signal

Consider the signal z(t) = sin (Qt) P = %
Select as sampling

period the value

[\

3 37w
A=7P=_"2
Indeed, it's easy to
determine sinusoidal
signals, with period
P > P, that may
generate the same
values, obtained by
sampling x(t).
Note: the frequency of the ambiguous signal is lower than the
frequency of the original signal. This effect is called frequency
aliasing (or frequency fold-over).
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Sampling a sinusoidal signal (cont.)

P Reducing the
-\ sampling period
(i.e. increasing the
sampling frequency)
the ambiguity
disappears: no
more frequency
fold-over effect.

P T

A=—=—
4 20

By choosing properly the sampling period, the frequency aliasing
effect has been avoided. Note: the effective sampling frequency is
much higher than the signal time frequency.
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Ideal sampler & ZOH: mathematical model

« So far, it has been illustrated by examples that, when sampling
a simple sinusoidal signal, choosing properly the sampling
period grants to avoid the aliasing effect.

+ How to generalize? What is the effect of the sampling
procedure? How does the choice of the sampling period
influence the frequency aliasing effect?

The influence of the sampling period on the aliasing effect will be
explained by modelling the direct connection of an ideal sampler to
a ZOH (A is the sampling period)

x(t
jgi (kD) h(t)

> ZOH >

z(t) A At 7 h(t) Iﬂ[ﬂ’

DIA@UNITS -  267MI -Fall 2018

TPGF - U-p2



Ideal sampler & ZOH: mathematical model (cont.)

a(t
Q» 5 z(kA) h(t)
> ZOH —

z(t) N h(t)'imr

The output of the ZOH is a continuous-time signal, expressed as

h(kA+7) =x(kA), 0<7<A,keN  astair-wise signal
h(t) =z(0) [1(¢) — 1(t — A)] + z(A) [1(t — A) — 1(t —2A)] + - -

+oo
=" w(kA) [1(t — kA) — 1 (t — (k+ 1)A)]
k=0
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Ideal sampler & ZOH: mathematical model (cont.)

Applying the Laplace transform

e—k’As
LA{1(t—kA)} = .
too —kAs _ —(k+1)As
@ @
L{n(t)} = H(s) =Y x(kA) :
k=0 -
As RACS
— PIEE . Zl‘(kA)e_kAs
S k=0

function of input signal
function only of A z(t) and sampling period A
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Ideal sampler & ZOH: mathematical model (cont.)

the Laplace transform of
ideal sampler’s output as
continuous-time signal

a transfer function model

for the ZOH

1 — A | 22 ¥
H(s)= _—€¢ - Z z(kA)e *4s = Gzon(s) X™(s)

& k=0
where
1 — e_AS * JAN = —kAs
Gron(s) = ———  X"(s) = > (ke
k=0
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Ideal sampler & ZOH: mathematical model (cont.)

So far, we demonstrated the equivalence between the following two

structures
z(k A) h(t)
x(t) —_— ZOH —
A
* h(t
x (t) - e—As ( )
z(t) —_— —>
S
A
+o0
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Ideal sampler as impulse modulator

Note: z*(t) is a continuous-time signal representation of the ideal
sampler output (indeed a sequence of samples)

“+o0
z*(t) = L7 {X*(s)} = £} {Z :c(kA)ekAs}
k=0

Now, recalling the main properties of the Dirac delta function

Lo e Y 5t — kD) 6(t) = { ;;O jj)o

+oo +oo
/ ot)dt=1 / ft)o(t—r7)dt = f(r)

J —00 J —00

the signal z*(¢) can be expressed as

z*(t) = L7 {io :L'(k'A)ekAs} = io z(kA)§(t — kA)

k=0
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Ideal sampler as impulse modulator (cont.)

where

Sa(t) = f 5(t — kA)
k=0

DIA@UNITS -  267MI -Fall 2018

u(t) fug IE T

jgf _)@T)_) W (1) = u(t) - (1)

oa(t)

+ the signal z*(¢) can be

expressed as the result of the
modulation of the original
signal z(¢) with a train of
Dirac impulses

owing to this result, the ideal
sampler is also referred as an
impulse modulator
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Laplace- & Z-transform of ideal sampler output signal

« Since the output of the impulse modulator may be described
as a continuous-time signal z*(¢) but also as a discrete-time
sequence z(kA), how to correlate such representations?

« Consider the Laplace-transform of 2*(¢) and the Z-transform of
the sequence z(kA)

+oo
LA{z"(t)} = X*(s) = Z z(kA)e *As
k=0
+o0
Z{z(kA)} = X(2) = > _ x(kA)z7*
k=0

It's easy to find that using the substitutions

sA

1
B=G@ = log 2z

S = K
the Laplace transform may be rewritten as Z-transform and
vice-versa.
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Properties of X*(s): X*(s) vs X(s)

Definition: starred transform

The function X*(s) = £ {z*(¢)} is usually called the starred
transform.

Property 1: the starred transform X*(s) vs. X(s)
The starred transform may be expressed as a scaled summation of
infinite copies of the Laplace transform of the original analog

signal X (s) = £ {z(t)}, shifted each other by jQ, (where Qs = n

A
and A is the sampling period)

k=400
X(e)=x Y X(s—ih0s), Qs=2n, X(s)=£{a(0)}

k=—o0
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1% property of starred transform - sketch of proof

Proof - a sketch
Recall the ideal sampler output expression

+oo

2 (t) =) @(kA)d(t — kA)

k=0
Remember: the original, analog signal z(¢) is a causal signal. Owing
this property, the summation may be modified

+oo
z(t)=0VE<0 = a*(t)= Y a(kA)s(t—kA)

k=—o00
According to this modification, let’s redefine also the impulse train
+oo
Sa(t)= Y o(t—kA)
k=—o0
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1* property of starred transform - sketch of proof (cont.)

Now represent the impulse train as Fourier series

R ] 27
=3 s o=
1 [t?
Calk) =5 / Sa(t) eIt g
_A

Thus
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1* property of starred transform - sketch of proof (cont.)

By substitution of the impulse train expression into the ideal
sampler output z*(¢), we obtain

k=400

w0 =a(t) Al = 5 D a(D)eH
k=—oc0
Applying the Laplace transform
k=400
X*(s) = LA{x"(t Z / eJmS e St dt
k=—o00

Let's apply the bilateral Laplace transform to z*(¢):
remember, we rewrote z*(¢) as it is non-causal signal
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1* property of starred transform - sketch of proof (cont.)

Thus

+oo
X*(s) = / [z(t)eijs] e Stdt

Recall the Laplace transform property
L{"ft)} =F(s—k) VkeC, F(s)=L{f(t)}

Finally
N 1R . 2T
X*(s) = x > X(s—jkQs) , keZ, Q=<
k=—o00
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Properties of X*(s): periodicity of the starred transform

Property 2: the starred transform is periodic in s, with period ;s

X*(s) =X"(s+jnfls), neN, QSZZKW
Proof.
“+o0
X* (S +.7an) _ Z (k‘A) —kA(s+jnfs)
k=0

Since Qs - A = 2, applying the Euler’s relationship
e? = cosf + jsin@

efjnkAQs _ 67jnk27r = 1l VTL, LeN

thus
400

X* (s+jnQs) = > a(kA)e ™ 4 = X~ (s)
k=0
O
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Properties of X*(s): poles of the starred transform

Property 3: poles of the starred transform vs poles of X (s)
If X(s) has a pole at s = §,
then X™*(s) must have polesat s =5+ jkQs, keZ

Proof.
Rewrite the result of “Property 1"

1 k=+c0
X*(s)=x D X(s—jke)

k=—o0

:% [X(s)+X(s—st)+X(s—2st)+~--

+ X (5 4+ %) + X (5+2j9%) + -

If X(s) has a pole at s = 3, then each term of the latter expression
will contribute with a pole at s = 5 — jkQs, k€ Z.

O
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Properties of X*(s): poles of the starred transform (cont.)

Poles map of the starred transform

j$2
X(s) ) - if X(s) has a pole in s = —o; + jQy, then
D the sampling operation will generate poles
R for X*(s)ins=—o; +jQ £ jkQs, keZ
0 o . .
X —or — it « on the contrary, if X(s) has a pole in
s=—0a; +j(Q + Qs), then X*(s) will have

apoleins=—o +jO

+ pole locations in X(s) at
s=—01+j(Q +kQs), keZwill result
in identical pole locations in X*(s)
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Properties of X*(s): poles of the starred transform (cont.)

Primary and complementaries strips in the s-plane

o .
! « consider the s-plane of the starred
_____________ 2 transform and divide it into strips
X 2 « the primary strip is defined as the strip for
G which
___)f _________ QS
\ 2 {s:sEC,szo—l—jQ,—%gQg—k%}

- if the pole-zero locations for the starred
transform are known in the primary strip,
then the pole-zero locations for X*(s) in
the entire s-plane are known.
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Properties of X*(s): poles map of starred transform

—oy + (= + 20%)
* .
X*(s) X 4792 _
-300,
—————————————————————— +15
X
) —o1 + (8 + ) complementary
X (S) % strip
1 —o1 +3(— + D)
X 52
X —o1+ith X —o1+jth primary ’
0 strip
0 = o
X —o — i X —7 — .0,
““““““““““““ iy
=01 + j{{h — )
complementary
—oy + (=0 — Q)| strip
X .
----------------------- 35
X
—J] +j(ﬂl — 295)
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Properties of X*(s): poles of the starred transform (cont.)

What about zeros of starred transform?

Indeed, the zeros of X (s) do not uniquely determine the location
of zeros of the starred transform X*(s). However, the zero

locations of X*(s) are periodic, with period ;s (Property 2).
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Laplace & Fourier transform of a causal, continuous-time signal

Consider a causal, continuous-time signal z(¢). The unilateral
Laplace transform of such a signal is defined as

+o0o
L{z(t)} = X(s) = /0 x(r)e T dr

whereas the Fourier transform is
+oo )
Flz(t)} = X(Q) = / x(t)eﬂQT dr
Exploiting the signal causality, the Fourier transform may be
rewritten as
+oo )
Flz(t)} = X(Q) = / z(t)e IV dr = L{z()},—j
JO

provided that both transforms exist.
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Sampling and aliasing in the frequency domain

Starred transform result in the frequency domain

Analysing the starred signal z*(¢) by applying the Fourier
transform (instead of the Laplace one), provides the same result:
the Fourier transform of the starred signal may be expressed as a
scaled summation of infinite copies of the Fourier transform of
the original analog signal

e 2w
A > X (Q-kQ), Qs ==, X(Q=F{z®)}

k=—o0
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Band-limited signals

Suppose that the signal z(¢) is a so-called band-limited signal, i.e.
the amplitude spectrum | X (Q)| of the signal is non zero only if
1| < Qg (where X (Q) = F{z(t)}).

| X ()]
-Qp +Qp Q
What happens if such a signal is sampled? In particular, what if
Qs > 208, Qs = 208 0r QO < 205 ?
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Band-limited signals (cont.)

Band-limited signal
In rigorous terms, a signal is called a band-limited signal if

k=N
$(t) = ay, Sin (th =4 Spk) s O < Qg Vk

or %
o(t) = /0 a(Q)sin [0+ ()] 42, Qc[0, O
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Sampling and aliasing in the frequency domain (cont.)

Qs > 2QB

IX*()]

1
1
i

—Qs 7QB +QB +Qs Q

* no overlapping of spectra, so no aliasing

+ to reconstruct the original signal (to isolate the original
spectrum) a realizable (causal) low-pass filter is needed
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Sampling and aliasing in the frequency domain (cont.)

QS = ZQB

X ()]

v

—Qs +Qs Q

« still no overlapping of spectra, so no aliasing

« to reconstruct the original signal (to isolate the original
spectrum) an ideal (non-causal) low-pass filter is needed
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Sampling and aliasing in the frequency domain (cont.)

Qs < 205

|X*(2)]

+ overlapping of spectra, so aliasing

+ no way to reconstruct the original signal (to isolate the original
spectrum)
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Sampling Theorem

Nyquist-Shannon theorem

A continuous-time signal which contains no frequency
components greater than Qg rad/s, is uniquely determined by the
signal samples

{xkx(kA), keZ, A: QszAW>ZQB}
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Anti-aliasing filter

z(t) z(t) Ty,
— F(s) A/D ——

« How to guarantee the band limitedness of a signal?

 From a practical point of view, how to restrict the bandwidth of
the signal to the band of interest, with the aim to satisfy the
sampling theorem?

- anti-aliasing filter: a realizable low-pass filter

F(s) = : , B=1[0,Q] Qs %>2§2
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Aliasing in the s-plane

Recall the relationship between the starred transform and the
Laplace transform of the original continuous-time signal

S 27
Do X(s—jks), Q=T X(s)=L{z(t)}

k=—oc0

X*(s)= %

and the relationship between the starred transform and the
Z-transform of the sampled sequence

, 1
g=c = log 2z

S:Z

The aliasing effect may be analysed also in the s-plane of the
starred transform, exploiting such relations.
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Aliasing in the s-plane (cont.)

Consider two values into the s-plane of the starred transform, such

that
Sp =58+ jkQs, kel

+ The sampling relationship z = ¢** gives
2p =24 VkEZL

- Different values in the s-plane correspond to the same value in
the z-plane!
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Aliasing in the s-plane (cont.)

« There is no bijective correspondence between s- and z-plane.

Indeed, the s-plane may be divided into horizontal, Qs wide
strips and the s-plane points, belonging to each of these strips,
correspond one-to-one to a unique point into the z-plane.

+ The effect of sampling may be explained as transforming the

DIA@UNITS -

s-plane of the original signal’s Laplace transform into a series
of shifted strips (the s-plane of the starred signal), each of
them with the same zero and pole locations and finally folding
these strips on each other, in order to map the resulting folded
s-plane into the z-plane of the sampled signal’s Z-transform.
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Aliasing in the s-plane: (g > 20

X 2

« the primary strip contains the whole set of pole location of the
Laplace transform of the original continuous-time signal

+ no aliasing
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Aliasing in the s-plane: O =

« some pole locations may lay on the border between primary
and complementary strips

« still no aliasing
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Aliasing in the s-plane: Q5 < 2Qg

- overlapping of pole location configurations
- aliasing

Note: the alias appear as poles with time constant values lower that
the original ones!
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C2d with sampler & hold

Consider the scheme

Ug u(t)
D/A S

y(;\—- A/D —— vy = y(kA)

- How to obtain a discrete-time description of a linear,
time-invariant, continuous-time dynamic system?

- Both state variables and outputs are sampled by means of an
ideal sampler

 The inputs to the LTI systems are converted from discrete- to
continuous-time using a ZOH
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C2d with sampler & hold (cont.)

+ Consider a LTI dynamic system, described by means of state
equations

i(t) =Acx(t) + Bou(t)
y(t) :O(Jﬁ(t) + Dcu(t)

+ The following expression holds

t
z(t) = ettty (t) +/ e =) B u(r) dr

to

( from “Fundamentals of Automatic Control”) where

- A AN
eAthE—l{(SI_AC) 1}:I+Act+ ; + 30' 4.
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C2d with sampler & hold (cont.)

« Remember the stairwise behaviour of the output of a ZOH
device

u(t) =ux =u(kA), kA<t<(k+1)A keZ

« Evaluate the state movement expression in a time interval
between two successive sampling instants kA and (k + 1)A

z[(k+1)A]) = eteBx (kA)+ { /Um)A eAt=1) B ) dT} u (kA)
JEkA

the input u(t) is a constant signal
during the considered time interval
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C2d with sampler & hold (cont.)

* Substitute r = (k + 1)A — 7 into the integral term and rewrite
the last expression,

z[(k+ 1)A]) = eePx (KA) + {/A e B, dr} u (kA)
0

+ By comparison with the expression of the discrete-time state
equations for the dynamic system considered

z[(k+ 1)A] =Agz (kA) + Bau (kA)
y (kA) =Cyx (kA) + Dgu (kA)

finally we obtain the continuous to discrete-time conversion
rule, applying ZOH (the so-called step-invariant transform)
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C2d with sampler & hold (cont.)

Step-invariant transform
Starting from a continuous-time LTI dynamic system

#(t) =Aox(t) + Bou(t)
y(t) :ch(t) + Dcu(t)

the corresponding discrete-time description, using a ZOH for
inputs and ideal samplers for state and output signals is given by

A
Ag = ele? By = / e*" B, dr
0

Cd:Cc Dd:Dc
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C2d with sampler & hold: an example

Consider
N P
r = O —a X K u
y = { 10 } T

and let's determine the discrete-time description, by sampling with
ZOH and ideal samplers.

1 1
_ 1 s+a 1 s s(s+a)
I—AC 1 = —0C =
(s ) s(s+a) [ 0 s] 0 1

s+ a
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C2d with sampler & hold: an example (cont.)

Applying the step-invariant transform

1 1
1(t S1(t) - e 1t
eAet — L',_l{(sI—Ac)_l}: © a ® a ®
0 e~ 1(t)
1 —a
Sea _ |1 g(1 @)
0 e ob
A K
/ — (1 e_‘”) dr
: A 0 a
b= [~ eMTbedr = |7
/ Ke ™ %"dr
0
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C2d with sampler & hold: practical issues

A
Ay = ede? By = / eAe" B, dr
0

Cd:Cc Dd:Dc

+ How does one determine in practice the matrices described
into the step-invariant transform?

« Are exact solutions or approximate expressions available?
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C2d with sampler & hold: practical issues (cont.)

Exact formulas for the step-invariant transform

Ag =efed = At = L1 {(5] = Ac)fl}
A
By :/ e’ B.dr = A7' - [e?® — 1] - B.
0

Approximate expressions

AZN? ABNG
C + C

Ay —efeD T AN
&G =€ T+ A ) 30

A 2A2 3A3
A°A A>A

Bd:/ eA“TBcdr%{I—&—ACA—i— o
0

2 3!
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Equivalent State-Space Representations

Consider the discrete-time dynamic system state-space
representation:

Let # := Tz, where T € R™ " is a generic non-singularn x n
matrix (det(7) #0).

Then, the equivalent state-space description is given by:

TH(T "2 (k), ulk), k) = f(2(k), ulk), k)
= §(&(k), u(k), k)

by suitably defining functions f and .

) —
y(k) = g(T~'&(k), u(k), k)
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Linear Dynamic Systems

Consider the discrete-time dynamic system state-space
representation:

This state-space equation describes a linear system if and only if
the functions f(-) and g(-) are linear with respect to their state

and input vector arguments:

Vaj,a € R, Vo, 2, € R", Vu,up € R™ :

flarz) + aars, aquy + apup, k) = an f (21, ur, k) + ao f (@2, uz, k)
glarzy + arwy, aruy + aoun, k) = arg(xy, ur, k) + arg(z2, uz, k)
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Linear Dynamic Systems: Matrix Form

Consider the state-space representation:

2k 4 1) = F(a(k), ulk), k)
y(k) = g(.%‘(k), u(k), k)

and suppose that the linearity assumption holds. Then:
filx,u, k) = an(k)xy + - + a1 (B)zn + by (k)uy + - - - 4 b (k)
fn(xauy k) = anl(k)xl SFeooSF ann(k)xn + bnl(k)ul SFoooF bnm(k)um

i =cu(B)xr + -+ cin(k)rn +di(k)ug + - - + dip (k)um

yp = Cpl (k)I] P ooo IF Cpn(k)xn 2 dpl (k)ul P 000 dpm(k)um

where a;;(k),b;;(k), ci;(k),d;;(k) are generic functions of the
discrete-time index k.
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Linear Dynamic Systems: Matrix Form (cont.)

Letting:
[ an(k) - an(k) bu(k) - bim(k)
A(k) == : : ;. B(k) = : | :
L anl (k) et ann(k) bnl (k) bn'rn(k)
[en(k) - cim(k) dn(k) - dim(k)
cw=| i i |ibwe=| i
| (k) - cpn (k) dpr(k) -+ dpm(k)
z1(k) uy (k) (k)
z(k) = ;o ou(k) = y(k) ==
zn (k) U (k) Yp(k)
One gets:
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Time-Invariant Linear Dynamic Systems

In the time-invariant scenario, the matrices A(k), B(k),C(k), D(k)
do not depend on the time-index k, that is are constant matrices

A B,C,D:
a1 Qin bu
A = . 0 B =
Ani ccr Qpn bnl
Ci1 -+ Cin dyy
Cpl ctr Cpn dp1
and thus:

x(k+1) = Az(k) + Bu(k)

y(k) = Cx(k) + Du(k)
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Time-Invariant Linear Dynamic Systems: Equilibrium States

Consider a linear time-invariant dynamic system:

x(k+1) = Az(k) + Bu(k)

y(k) = Cx(k) + Du(k)

and consider a constant input sequence u(k) = 4, k > 0. Hence,
one has to solve the following equation for z:

x=Ax+ Bu = (I — A)x = Bu
The following two cases have to be considered:

e det (I —A)#0
s det(I—A)=0
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Time-Invariant Linear Dynamic Systems: Equilibrium States

« det (I — A) #0. In this case, one gets:
z=(I-A)"'Bu = I is unique Ve R"
Accordingly, the equilibrium output is given by:
j=Ci+Di=|C(I-A)"'B+D|a

Matrix [C(I ~A)7'B+ D} is defined as static gain.

« det (I — A) = 0. In this case, two different situations may occur:

* Joo equilibrium states z, 3 co equilibrium outputs 4
* A equilibrium states Z, A equilibrium outputs g
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Equivalent State-Space Representations: LTI

Consider the discrete-time linear time-invariant (LTI) dynamic
system state-space representation:

z(k+1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k)

Let #:= T 'z, where T € R"™*" is a generic non-singular n x n
matrix (det(7") # 0). Then, the equivalent state-space description is
given by:

E(k+1) =T 'z(k+1) = T'ATz(k) + T~'Bu(k) = Az (k) + Bu(k)
y(k) = CTi(k) + Du(k) = Ci(k) + Du(k)

Hence:

{az(k—&-l)zAx(k)—&-Bu(k) . {:z(k 1)

y(k) = Cx(k) + Du(k)
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Linear Systems Obtained by Linearization

Basic Concept
« Linear systems are provided with numerous analytical tools
that are not available for nonlinear systems

- Approximating nonlinear systems by linear ones in a
"neighbourhood” of a nominal state movement may result very

useful in practice

Slope of the tangent straight line = f"ﬁ (,f)

Slope of the tangent straight line = faz (;f)

y = f(z)
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Linear Systems Obtained by Linearization (cont.)

+ Consider the nonlinear system:

x(k+1) = f(x(k),u(k), k)
y(k) = g(z(k), u(k), k)

« Moreover, consider a nominal state movement z(k), k > ko
obtained by the initial state z(ko) = 7y and the input sequence
u(k) = a(k), k > ko.

« Let us perturb the initial state and the nominal input sequence,
thus getting a perturbed state movement:
x(ko) = To + 0o ; u(k) = u(k) + du(k) = (k) = z(k) + dx(k)

* Hence:

z(k+1)=z(k+1)+dx(k+1) = f(z(k) + dx(k), u(k) + ou(k), k)
~ f(z(k),u(k), k) + fo(2(k),u(k))dx(k) + fu(Z(k), u(k))ou(k)
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Linear Systems Obtained by Linearization (cont.)

« Since the nominal state sequence z(k) is the solution of the
difference equation z(k + 1) = f(z(k),u(k), k), it follows that

Sz(k+1) = fo(2(k),u(k))dx(k) + fu(Z(k),u(k))du(k)
= A(k)sz(k) + B(k)Su(k)

where A(k) € R™*", B(k) € R"*™, k > ko are defined as:

[ 0h . 9K
oxy oxy,
A(k) = fa(z(k), u(k), k) = : g
L Ox, OTn  o(k)=z(k),u(k)=a(k)
Con . on
ouy Oy,
8fn . 8f7L
L Ouy Oum o) =2 k), u(k)=a(k)
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Linear Systems Obtained by Linearization (cont.)

+ Concerning the perturbed output one has:

and then

Sy(k) = go(2(k), u(k))dx (k) + gu(Z(K), u(k))ou(k)
= C(k)dx(k) + D(k)ou(k)

where C(k) € RP*™, D(k) € RP*™ k > ko are defined as:
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Linear Systems Obtained by Linearization (cont.)

o9
Bxl
99p
L 81'1
991
8”1
99
L 8U1

991
0xy,

99p
0zn d o(k)=2(k),u(k)=a(k)
691

Oy,

gy
Oum  o(k)=z(k),u(k)=a(k)

Summing up: the linear system obtained by linearization around a
given nominal state movement z(k), k > ko, obtained by the initial
state z(ky) = T and the input sequence u(k) = u(k), k > ko is

Sx(k + 1) = A(k)dz (k) + B(k)du(k)
Sy(k) = C(k)dx(k) + D(k)ou(k)
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Linear Systems Obtained by Linearization (cont.)

Important Special Case: Time-Invariant Systems

+ Consider the nonlinear time-invariant system:
z(k+1) = f(z(k), u(k))
y(k) = g(x(k), u(k))

* Moreover, consider an equilibrium state z obtained by the
constant input sequence wu(k) = @, k > k.
« Let us perturb the initial state and the nominal input sequence,
thus getting a perturbed state movement:
x(ko) = Zo + dwo; w(k) =a+ du(k) = x(k) =z + ox(k)

* Hence:

2k +1) =2+ 6x(k+1) = f(Z 4 6x(k), d + du(k))
~ f(Z,0) + fo(Z, 0)0x(k) + fu(Z,0)0u(k)

DIA@UNITS ~  267MI ~Fall 2018 TPGF - L-pi28



Linear Systems Obtained by Linearization (cont.)

« Since the equilibrium state z is the constant solution of the
algebraic equation = = f(z,u), it follows that

dx(k+ 1)~ f.(z,0)dz(k)+ fu(Z,0)ou(k)
= Adx(k) + Béu(k)

where A € R"*"™, B € R™™™ are constant matrices defined as:

[ 8h | Oh
oy oz,
A= fa:(i‘a ﬂ) =
O Oh
L Oxy OTn d p(k)=z,u(k)=a
[ 8h | 9h
ouy Oy,
O O
L Ouy Oum d o(k)=z,u(k)=a
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Linear Systems Obtained by Linearization (cont.)

« Concerning the perturbed output one has:
y=g(@,1); yk)=y+oy(k)
Hence

y(k) = g(z(k),u(k)) = 9(Z + dx(k), u + du(k))
~ g(7, 1) + g:(%, w)bx (k) + gu (7, w)ou(k)

and then

oy(k) ~  g.(Z,u)0x(k) + gu (T, w)du(k)
= Cdz(k) + Déu(k)

where C € RP*™ D c RP*™ are constant matrices defined as:
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Linear Systems Obtained by Linearization (cont.)

[ G G
oy ox,
C=gx (Cf,ﬂ) =
99 . 09
L Oz, 0z o(k)y=z,u(k)=a
[ 091 99
ouy Uy,
D = gu(jaa) =
99 .. 99
L Ouy Oum d o(k)=z,u(k)=a

Summing up: the linear time-invariant system obtained by
linearization around a given equilibrium state z obtained by the
constant input sequence u(k) = u, k > ko is

ox(k + 1) = Adz(k) + Bou(k)
0y(k) = Céx(k) + Dou(k)
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Linear Systems Obtained by Linearization: Example

Consider the nonlinear discrete-time system:

zi(k+ 1) = z1(k) + a(l = fzi(k))z1 (k) = y21(k)z2(F) + u(k)
22k + 1) = 22(k) — 62 (k) + na (k)2 (k)
y(k) = 2(k)

Imposing the constant input sequence (k) = 0 the following
equilibrium states are obtained:
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Linear Systems Obtained by Linearization: Example (cont.)

The general expression for matrix A of the linearized system is:

ofi 0K
fm(i‘,ﬂ) _ 8(1/1 a(Ez _
0fh Ofh
Or; 0z lzg
_ | O+ a—2aBz) —y12) —YZ
T2 1 —0+nx i

Substituting the expressions of the specific equilibrium states one
gets:

. 0 .
56(1):[01 = Ay =

(I+a) 0
0 -0
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Linear Systems Obtained by Linearization: Example (cont.)

Finally, the other matrices B, C, and D of the linearized systems are
given by (their values do not depend on the specific equilibrium

states):
on 1
fu@w)=| 8¢ =l0 - B
du T4
| 9g 9g B - A
92 (Z, ) {8331 aszﬁ_[o IL’E—[O l]—C
gu(jvﬁ):%iizoia:():D
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