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Systems Dynamics
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Dynamic Systems Described by
State Equations



Dynamic Systems

Recalling from the Fundamentals in Control course

What is the meaning of "Dynamic”?
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Can y(t) be determined in a unique way?

If the answer is The system is a
"NO” dynamic system
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Dynamic Systems: Examples
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The system is dynamic
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Dynamic Systems: Examples

The system is dynamic
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State variables: a qualitative definition

State variables

Variables to be known at time ¢t = ¢, in order to be able to
determine the output y(¢), t > t, from the knowledge of the input
u(t), t > to:

zi(t),1=1,2,....n (state variables)

In more rigorous terms —>
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Dynamic Systems: Formal Definitions

A dynamic system is an abstract entity defined in axiomatic way:

S = {T7U797X7Y7F7()0777}

: set of time instants provided with an order relation
: set of admissible input values

: set of admissible control functions

: set of admissible state values

: set of admissible output values

H o~ ok D QN

: set of admissible output functions
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Dynamic Systems: Formal Definitions (cont.)
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DIA@UNITS -  267MI -Fall 2018 TPGF - U-p7



Dynamic Systems: Formal Definitions (cont.)

Output function:

- Case 1: strictly proper system:

n: TxX—=Y=yt)=ntzl),VteT
% ()
u(t) e U z(t) e X y@t)eY
¥ n
u(-) € Q y(-) er

- Case 2: non strictly proper system:
n: TxXxU—Y = y(t) =ntz),u®)),VteT

u(t) € U!| z(t) € X y(t) e Y
¢ n

u(-) € Q y() el

DIA@UNITS -  267MI -Fall 2018 TPGF - L-p8



Dynamic Systems: Formal Definitions (cont.)

(z,t) € X x T is defined as event

Given:
¢ (w0, 1p) initial event
« u(-) input function

One has:

(-, to, xo,u(-)) state movement

o(t, to, wo, u(-)), t > to State trajectory

> (-, 0, to, zo,u(-))) output movement

n(-, (-, to, zo,u(+))) output trajectory
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Dynamic Systems: Formal Definitions (cont.)

7 € X is an equilibrium state if V¢, € T, Ju(-) € Q such that

@(t,to,:ﬁu()) =z, Vt>ty,teT

7 € Y is an equilibrium output if Vt, € T, 37 € X, Ju(-) € Q such
that

n(t, o(t, to,z,u())) =y, Vt > to, t €T

Notice that, in general:

« the specific input function u(-) € Q depends on the choice of
the initial time-instant ¢, € T

« the fact that the state of a dynamic system is at equilibrium
does not imply that the output is at equilibrium as well, unless
n(t,z(t)) does not depend explicitly on time (in which case, the
output function takes on the form n(x(t)))
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Dynamic Systems: Formal Definitions (cont.)

+ A dynamic system is invariant if 7" is an additive algebraic
groupand Vu(-) € Q, V7 € T, letting u" (¢) :=u(t —7) € Q, it
follows that

o(t, o, zo, u()) = p(t +@0 @$0>UT(')) , Ve, 7T
y(t) = n(t,=(t))

+ A dynamic system is discrete-time if T is isomorphous with Z

+ A dynamic system is continuous-time if 7' is isomorphous with
R

+ A dynamic system is finite-dimensional (lumped-parameter) if
U,X,Y are finite-dimensional vector spaces

+ A dynamic system is infinite-dimensional
(distributed-parameter) if U, X, Y are infinite-dimensional
vector spaces

DIA@UNITS -  267MI ~Fall 2018 TPGF - Li-pn



Interconnection of Dynamic Systems

We consider interconnected systems
S={T,U,Q,X,Y,T,po,n}
composed of N subsystems
S ={T;,U;, 0, X, Vi, Ui, 0i,mi}, i=1,2,...N

interacting with each other through their external variables such as
inputs u;(-) € ; and outputs y;(-) € T;

Assumption. The interconnected system S satisfies the formal
definition of dynamic system
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Interconnection of Dynamic Systems

Cascade interconnection

SZ{TZT] :TQ,UZUI,Q:Q|,X:X1XXz,Y:n,Fzrz}

]
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(@1(8), 220 = (@t for 21 (1), u()),
©a(t, to, x2(to), mi (t, 1 (L, to, z1 (%), u(+)))))
y(t) lwalt) =fmp(t, x2(t))
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