Systems Dynamics
Course ID: 267MI - Fall 2018

Thomas Parisini
Gianfranco Fenu

University of Trieste
Department of Engineering and Architecture




267MI -Fall 2018

Lecture 1
Generalities: systems and models



Interconnection of Dynamic Systems

Parallel interconnection

S:{T:T1:T27U2U1:U27Q=QlZQz,XZXlXXz,Y:Y]XY'z,
P:F1XF2}

y A
)/ (@1 (1), 22(t)) = (1 (2, T, 21 (t0), u()), 2 (t, to, 3 (to), u(-))
—— P2t te 2(t0), m(E 1 (Es to, 21(t0), u(:)))))
(Y1(1),92(2)) = (mi (¢, 21(2)), ma(t, 22(2))) cp 5 CATH
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Interconnection of Dynamic Systems

Feedback interconnection

General scheme:
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Interconnection of Dynamic Systems

Feedback interconnection

Commonly used scheme:

S={T=T=D,U=V,2=0,, X=X, x X, Y =Y, =Ty}

(z1(t), 22(t)) = (1 (t; to, 21 (t0), Y1 (¥1 (), ¥2(+)), p2(ts to, 22(t0), y1(+))))
y(t) = yi(t) = m(t, (1))
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Feedback Interconnection: a Notable Example

A notable example of feedback interconnection is the state control
law + state observer scheme (will be dealt with in the Control
Theory course)
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Finite-dimensional Regular Systems

A dynamic systems is regular if:

——’_—_—
« U,Q,X,Y, T are normed vector spacesg'/_
« ¢(+,-,-,-) is a continuous function with respect its arguments

d . . .
. &go(t, to, xo,u(-)) does exist and it is continuous for all values
of the arguments where u(-) is continuous = ——

The state movement (¢, t, o, u(-)) of a regular finite-dimensional
dynamic system is the unique solution of a suitable vector
differential equation

and
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Finite-dimensional Discrete-time Dynamic Systems

Discrete-time dynamic systems obtain by sampling a
continuous-time regular system

« U, X,Y finite-dimensional normed vector spaces
« Q= {u(:): piecewise constantu;(-), i =1,...,m} =
+ Sampling time AT —

u(k) = u(t), to+ kAT <t <ty + (k+ VAT, k=0,1,...
y(k) =y(to + EAT), k=0,1,...

Then: e
r(k+1) = fa(z(k),u(k), k)
y(k) = gd(x(k)’ u(k)v k)

where (from composition property of ¢):

fa(z(k),u(k), k) = @(to + (k+ 1)AT, to + kAT, z(k), u(k))
ga(z(k),u(k), k) = n(x(k),u(k),to + kAT)
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An example: continuous-time model of a car suspension

quarter-car model hypotheses

« vehicle as assembly of four
decoupled parts
+ each part consists of
+ the sprung mass: a quarter
of the vehicle mass,
supported by a suspension
actuator, placed between
the vehicle and the tyre
 the unsprung mass: the
wheel/tyre sub-assembly

 the model allows only for
vertical motion: the vehicle
is moving forward with an

to a simplified quarter-car model almost constant speed
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Continuous-time model of a car suspension (cont.)

- state variables:
- vertical positions of sprung
and unsprung masses vs.
e the corresponding
steady-state values

[ """"""""""""""" + vertical speeds of masses
* inputs: z1(t) 2s(t) — Zs
« ground vertical position vs. () = zu(t) — Zy
the steady-state z3(t) = (t)
« active actuator force z4(t) ()
* outputs:
. uy () 2 (t) — Zp
* sprung mass vertical
acceleration uz(t) F(t)
;zr(;t;:ct)::cr::jce between tyre i (t) i
0 ko (22(t) — w1 (t))
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Continuous-time model of a car suspension (cont.)

. 0 0 1 0 0 0
o 0 0 0 1 o 0 0
‘7.32 = | ks ks _Gs Cs | + 0 1 |:UI:|
3 ms M ms M 3 & ms "
T4 ks _ ks + ku Cs _ G T4 S _
LTy Lz My, m My My
a5 1
[ ks ks Cs Cs ! 0
% - - T2 ms Uy
= ms ms ms ms | - +
L’j 0 ku 0 0 e LJ
- T4 —ky, 0
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Continuous-time car suspension: an example

Assuming

ms = 400.0 kg my, = 50.0 kg cs =2.010° Nsm™!
ks =2010*Nm™" %k, =2510° Nm~!

the car suspension model becomes

& 0 0 1 0 ] ) 0 0
@l |0 0 0 1.0 2 0 0 u
i =500 500 =50 50 | |ms| | o 25107 | |us
i [400.0 —5400.0 40.0 —40.0J 4 5010° —2.01072

— Z1
ul I[-500 500 —50 50| [ 0 251073 | [
W 0 25100 0 0} o | Tl=2510° 0 } LJ

N
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Sampled-time car suspension models

Let’s get a sampled-time description of the same dynamic system:
+ How does the sampled-time description correlate with the

continuous-time model?

- What happens if we increase or decrease the sampling rate?
Does the sampled-time model change with the sampling time?

+ Does the sampled-time model describe the behaviour of the
continuous-time dynamic system for any possible choice of the
sampling time value?
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Using 1000 samples per second as sampling rate
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zi(k41) 998107 2.05-107° 9.98-107* 247-107°7 [zi(k)
wo(k+1)| | 1.97-107* 0.99 1.98-107° 9.80-107*| |za(k)
z3(k+ 1) —489-107% 3.65-107°8 9.95-107" 491-107°| |z3(k)
xa(k + 1) 3.91-107" —5.29 3.93.107° 0.96 x4 (k)
413-107°  1.23.107° ]
247-107° —9.85-107°| |wi(k)
124-107% 2.44.107° ua (k)
4.90 ~1.95-107"
[ (k)
yi(k)| [|-500 500 —50 5.0\ |22(k)
wk)| /| 0o 25100 o OJ' z3(k)
_1’4([€
N 0 25. 103} . Ful(k)]
—2.5.10° 0 [uz(k)
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Instead, using 1 sample per second as sampling rate
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Step responses comparison

From u; to y,

60 T T T T T T T
= continuous-time system
_-9 —+— sampling rate 1000 SPS
50 - sampling rate 1 SPS
40 o
30 al

Y1

ALl Sro o
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Step responses comparison (cont.)

From u; to y;

500 T T T T T T T
b = continuous-time system
—— sampling rate 1000 SPS

40 - sampling rate 1 SPS

—30 | | | | | | | | | | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
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Step responses comparison (cont.)

-10* From u; to y,
2 T T T
1 -
0] »
—1H -
B
-2 -
-3 -
—4 - - -
m continuous-time system
—+— sampling rate 1000 SPS
Il sampling rate 1 SPS

— Il Il Il Il Il Il Il Il Il Il Il Il
E’ 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
Time 3]
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Step responses comparison (cont.)

-10* From u; to y,
1 T T T
0.5 4
(U . N
—0.5 -
o
N
-1 4
-15H -
—9 |4 - B .
e cOntinuous-time system
—+— sampling rate 1000 SPS
- sampling rate 1 SPS
—925 | | | | | | | | | | | |
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Sampled-time car suspension description (cont.)

Remarks

- by selecting different sampling rate we obtained different
representations of the same continuous-time dynamic system

- sampling may heavily distort the information, giving a
completely wrong discrete-time representation of the original
continuous-time system: indeed the model obtained using one
sample per second as the sampling rate is wrong!
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Continuous-time State Equations

ur(t),...,un(t) €R y1(t), ..., yp(t) €R

il(t) = fl (:El(t)v s axn(t)aul(t)v c ~aum(t)at)

State equations

(dynamic) () = fuldr (D). () s (B (E),1)
Output y1(t) = (@i (8), ..., xn(t),ur(t), ..., um(t), t)
equations c

(algebraic)

Yp(t) = gp(x1(t), ..., zn(t), w1 (t), ..., um(t),t)
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Continuous-time State Equations (cont.)

x(t) = : eR” {\q >
| 2n(t) 'a
[ iz ut) | Compact form
f($7uat) = e R"
RASEL 5(t) = f(a(t), ut), )
[ fi(z,ut) ] y(t) = g(x(t),u(t),?)
f(xau’t) = € R"”
| falz,u,t) |
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Discrete-time State Equations

x1(k),...,zn(k) €R
;
ul(k)7,um(k) eR 4 yl(k}),...,yp(k) eR
e S >

zi(k+1) = fi(zi(k),...,zn(k),ui(k), ..., um(k),k)

State equations :
(dynamic) Tn(k+1) = fu(zi(k), ..., zn(k),ur(k), ..., un(k), k)

Output equations ylfk) = gl(ml(k)a e 7xn(k)7ul (k)7 cee ,Um(k), k)
(algebraic) :

yp(k) = gp(x1(k), ..., zn(k),ur(k), ..., um(k), k)
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Discrete-time State Equations (cont.)

k) = : cR" Compact form
i frlz,u, k) | ;
_ - l‘(k+1) :f(l’ k)vu(k)7k)
fi(@,u, k) y(k) = g(z(k), u(k), k)
£ k) = : eR®
i frlz,u, k) |
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More Definitions and Properties

- Time-invariant Dynamic Systems

i(t) = fa@)u®), X) [ @) = fla(t)u)
y(t) = g(x(t), u(t), X) y(t) = glx (), u(t))
w(k+1) = fla(k), ulk), X) 2k + 1) = f(a(k), u(k)
y(k) = g(a(k), u(k), X)) — { y(k) = g(x(k), u(k))
O Strictly Proper Dynamic Systems
@(t) = f(z(t), u(t) K i(t) = f(z(t), u(t),t)
{ y(t) = g(a(t), I K { y(t) = g(a(t), t
a(k+1) = f(z(k), u(k), ) w(k+1) = f(ak),u(k), k)
{ y(k) = ga(k), BT X { y(k) = g(z(k). k)
Cosi ancle

T : canT
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More Definitions and Properties (cont.)

« Forced and Free Dynamic Systems Se ﬂo c T
i(t) = f(w(t)7>€<(7t) . i(t) = f(z(t),t) -
y(t) = glo(t), W) y(t) = gl (t), )
ek +1) = fa®), B4R [ a4+ 1) = fa(k), B
y(k) = g(x(k), utk) k) y(k) = g(z(k), k)

It is worth noting that in case the input function u(t), V¢ or
input sequence u(k), V k are known beforehand, the dynamic
system can be re-written as a free one:

&(t) = f(x(t), u(t), t) = f(x(t),?)

y(t) = g(z(t), u(t), 1) = g(z(t),1)
x(k+1) = f(z(k),ulk), k) = f(x(k), k)
y(k) = g(x(k), u(k), k) = g(z(k), k)
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